INSTANTONS IN STRING THEORY

by

Robert Shawn Bacus

A thesis submitted in partial fulfillment
of the requirements for the Master
of Science degree in Physics
in the Graduate College of
The University of Iowa

May 1998

Thesis supervisor: Associate Professor Vincent 3. J. Rodgers



Copyright by
ROBERT SHAWN BACUS
1998
All Rights Reserved



Graduate College
The University of Towa
Towa City, lowa

CERTIFICATE OF APPROVAL

MASTER’S THESIS

This is to certify that the Master’s thesis of

Robert Shawn Bacus

has been approved by the Examining Committee
for the thesis requirement for the Master of
Science degree in Physics at the May 1998
graduation.

Thesis committee:

Thesis supervisor

Member

Member



TABLE OF CONTENTS

Page

LIST OF FIGURES . . . . . . ... e e e iii
INTRODUCTION .. . e e e e e e e e 1
Approximations to QCD as String Justification . . . .. ... ... .. .. 2
The 5= Expansionof QCD . . .. .. ... .. ... ... ....... 2

The Lattice Formulation of QCD . . . . . .. ... .. ... ..... 2
Classical String Theory: Primer . . . . . . . .. .. ... ... ... ... 3
Instantons . . . . . . .. L L 4
Instantons in QCD . . . . . ... oL oL 4
Instantons in String Theory . . . . . ... ... ... 7
RESULTS AND DISCUSSION .. . . . .. . e e et e e e e 10
Analysis of Computer Animations . . . . . . .. .. ... ... 10

A Proposed Effective Action . . . . . . . . ... ... L L. 16
APPENDIX A: THE SELF-INTERSECTION NUMBER. .. ... ........ 18
APPENDIX B: SOFTWARE . . . . . . ... .. . . ... ... ... .. .... 20
REFERENCES . . . . . .. e e e e e e 29

ii



Figure

LIST OF FIGURES

Page
The (3.2) torus knot . . . . . .. 8
The (3,2) torus knot instanton at time index t=-0.60. . . . ... ... 11
Evolution of the (4,3) torus knot instanton. . . . . . . ... ... ... 13
Evolution of the (4,7) torus knot instanton. . . . . . . ... ... ... 15

i



INTRODUCTION

Cuantum Chromodynamics (QQCD) is widely regarded as the correct theory of
strong interactions. However, inherently non-perturbative effects such as confinement
remain hidden in the theory due to the nature of the strong coupling of QCD. Certain
approximations to QCD reveal a string-like hehavior, leading some to attempt to
mode] the features of QCD in string theorv. It has therefore been proposed by some
that string theory may be an effective theory of QCD in certain limits,

One of the features in QQCD is the presence of classes of topologically distinet
solutions., These solutions, called pseudoparticles or instantons, satisfy the classical
equations of motion but arise from a sell-duality condition on the fields. Instantons
have shown suceess in QCD by solving the [U4(1) axial anomaly problem.

The strong coupling regime of QQCD is often identified with a string theory and
at present the precise string theory that governs strongly coupled QCD is nnknown.
In this thesis we use some raw and qualitative features of strongly coupled QCD to
write down a “minimal action” for QCD. Then we look at solutions to the pure string
sector of this theory to examine the types of topologies that are available for the
gauge fields through strings. By going to a fixed frame and looking at the solutions

to the equations numerically we find that the open string is perhaps a more realisite



candidate for strong coupling than the closed string for particle production and an-
nihilation. Furthermore these vacuum excitations are “catalized” by the presence of
string topologies that can support Dirac monopole - antimonopole pairs. We suggest
an action that exploits these features in developing an effective lagrangian for QUCD,

Approximations to QCD as String Justification

Standard methods of perturbativly probing QCD fail due to the infrared behavior of
the theory. Since the coupling constant g is of order 1, traditional perturbation theory
diverges and the approximation becomes invalid. To fully study QCD other methods
must be applied. There are two approximations to QCD, namely the .":_c Erpansion

and the Lattice Formulation, which possess finite perturbative expansions. These

approximations also have properties which make them appear as a string theory.

The - Expansion of QCD

N
In 1973, t'Hooft[1] proposed the parameter N, of the color gange group be treated
as a free parameter, and considered the limit N, — oo applied to the expansion of
a gauge theory. The resulting expansion gives Fevnman diagrams which possess the

same topology as the quantized dual string model with quarks at the string ends.

The Lattice Formulation of QCD

Wilson[2] showed that lattice gauge theory in the strong-coupling approximation is
a confining theory due to the formation of color charged strings formed by Faraday flux

lines. The strong coupling approximation cannot be made in the continuous theory;



however by approximating continuous spacetime by a finite lattice a natural cutoff of

the perturbative series is introduced which allows a strong coupling approximation.

Classical String Theory: Primer

In order to proceed we will discuss the basic merits of classical string theory. Clas-
sical string theorv can be described as the extension of the classical theory of point
particles to one-dimensional objects. Recall that for point particles the action is

proportional to the length of the worldline;
¥ 1 - - pt
§= Efm X0 X dr

where X#(7) gives the position of the particle at time 7. The equation of motion for

this theory is
mi, . X" =10

which iz simply Newton's equation for a free particle. In a similar manner, we can
write the action for a one-dimensional object X#{o, 7), where & is an internal param-
eter associated with the length of the object. In this case we expect the action to be

proportional to the area of the two-dimensional worldsheet;
T ab r
§=7 f VIhe9, X 8, X dadr,

where T, the string tension, has dimensions of (mass)? or (length)®. The equations

of motion for this theory are;

VIh®8,0,X" =0



(%hmﬁ h 4 82 6013, X, 0, X" =0

m-n

with the boundary conditions

. X

a=02x = 0 open string

Xto) = XF{o+2n) closed string,
The induced metric on the string world sheet is given by

hml_, = Iaad";“ab:{#, (1}

Instantons

We review the subject of instantons as they appear in QCD and string theory.

Instantons in QCD

In 1975, Belavin, et al. [3] found a solution to the pure gauge non-abelian equations

of motion. The Lagrange density for this case is

1 L4
L=—Emﬂ‘ (2)
where
Fo = 8,4, —8,4, —iglA,, A,

o =1.4

with group representation F),, = %JQF‘?W A, = .%,cr.,:-li The equations of motion for

(2) are

D F™ = 9, F"™ — ig[A, F*™] =0



The action can be expressed in the following manner:
1 . JTIL T 1 I iy RITAREEY 1 T T [
S = 5leF,u,F d'z = qur(Fw, + L) (PR + Frydte — Ele{Fw](F )

where F, e = %E_“,, A A s the dual of F,u. Because the first summand is quadratic
and the second summand a topological term (i.e. uneffected by local variations in the
fields) it is easy to see that the action is (locally) minimized when F,. is self-dual. In

this case the action can be expressed as

1 i
Sp—p = ﬁf'l'rﬂw}"“”rf‘.r

f Tr {2 (8,4,004, — i99,A,[Ax, A, } d'z (3)

using the definition of the dual tensor and F,,,. The solution to the self-dual equation

found by [3] is

L T4 19,9 q_.’l’:4+ix-l’.1'
SAa T P g [ od . 1
23+ A (22 + x2)}

where o; are the SU(2) Pauli matricies and A is an arbitrary scale parameter that

characterizes the instanton size. With this solution, (3) evaluates to

An extension of the single instanton solution of [3] was done by Witten [4] to include

an arbitrary number n instantons. The action for this case evaluates to

8
Sﬂ_ —_ 'J‘I.—2 = ﬂS]
!

The integer n then defines a topological charge,

_ 9 _9_2/ B g
n—gﬂzSﬂ—mﬁz TeF,, F*d x



which is called the Pontryagin index.

The appearance of topologically distinct actions S, results in a classification of
semi-classical vacua by homotopy class. This means that classical field configura-
tions belonging to one homotopy class cannot be continuously deformed into a field
configuration of another homotopy class. Sinece differential equations are at the root
of classical mechanics these sectors all have distinet lowest energy or semi-classical
vacuum states. However a gauge transformation (with Pontrvagin index m) on any
one of these vacuum states, say |0),, results in a vacuum state |0}, . Since these
gauge transformations commute with the Hamiltonian it is clear that the quantum
mechanical vacuum must be an eigenstate of these gauge transformations. Because
of this we see that the true vacuum state should be written as

[= o]

0) = 3 "0},

E—
A gange transformation with Pontryagin index m on the |#) state results in the
same state with eigenvalue €. The value of # for a given “universe” is said to be
superselected and cannot change, This is called the # vacuum.

It is also clear why the instanton is a non-perturbative phenomenon; the contri-

bution to the functional integral for the instanton is
exp " =exp s

A perturbative expansion in powers of g* cannot observe this behavior.



|

Instantons in String Theory

For string theory to be an effective description of QCD it should reproduce the
effects of instantons and in particular the # vacuum. In the case of string theory this

requires adding a term to the action. Polyakov[] proposed the following;
Sy = if\./'ﬂff’w}fb dodr
72T 16n b TAn

where K;'* is the extrinsic curvature tensor. The action can be expressed in an

alternate form;

0
S = 1o [ VN0, 00 dodr
1Gar

t - . .
Sy = 37 f ufﬁh“‘!’{(ﬁ‘ﬂt,w F Ot Y Out e £ Dt™) £ (Ol Ot ) )dodr
T
fah »
where (" = Eﬂal’“lﬂbl

As with QCD, the total action is minimized bv searching for self-dnal solutions, in
this case in the term d,t"". Wheater[6] showed that any surface embedded in four-
dimensional spacetime which is a complex curve is a solution to the equations of
motion for the extrinsic curvature term. Robertson[7] showed one explicit example
of a self-dual string instanton is a (p,q) torus knot. A torus is parametrized by two
variables, u and v, representing local coordinates on the surface. The torus knot is
the curve on the torus defined by the constraint u? + v% = 0. Figure 1 shows an

example, the (3.2) torus knot.



Figure 1: The (3,2) torus knot.



For a (p.q) torus knot instanton solution the string vector is

X0 = [3(27), (=), R(—27), S(—27)]

where z = 7 4+ 10

Note that Robertson has shown somewhat more generally that a string vector of the

form

XP = [3(F(2)), R(F(z)), RIG(2)), 3(G(2))]

where F(z) and GG(z) are any functions analvtic in 2z are also solutions to the equations

of motion,
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RESULTS AND DISCUSSION

Amnalysis of Computer Animations

The goal we have in mind is to observe the qualatative features of the (p,q) torus
knot solutions of Robertson, and of some other types of solutions, and to discuss how
these features might be related to or observed in QQCD.

To observe these features, we create computer animated plots of the solutions
over a finite time interval. We start with a particular (p.q) torus knot solution; as
an example, consider the (3,2) torus knot. This is a topologically non-trivial solution

with self-intersection number v = 2. The solution takes the form
/T“{O'-_ T} = [3?—26— - 6—31 TH’ - 3‘?—‘72: 0—2 - T2= _ETJ] = ’I‘. Y.z, f}

X#is a mapping from (o, 7) space to (x,y, z, ) space. In order that the proper time f
increase in the normal fashion, we invert the last term and replace 7 in X*(o, 7) with
the solution in terms of f and o. In the case of the (3.2) torus knot, the inversion of
the last term gives 7 = —:%; substitution into X* gives

2yt

. ., ot Bte , 1
XMot) = [ — o, — =7 5

—

803 * 5 7 T g2t
For each value of the proper time ¢ we generate a plot of the string, These plots are

combined to form the animation. For convenience, the ranges chosen were 0 = —1..1,
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t = —1..1. These choices are arbitrary since they can be adjusted by a change of
variables ¢’ = ao + b, 7 = et 4+ d, i.e. by a redefinition of the functions F(z) and
Glz).

Figure 2 shows the (3,2) torus knot instanton at time { = —0.60. The ends of the
string are labeled with points, and the string is colored blue to represent o > 0 and
red to represent o < 0 in order to visually distinguish these parts. The hounding box
containg the plot has dimensions » = —3..3,y = —3..3, 2 = —3..3. In this frame we
see the string broken in two halves; however this is not actually the case since part

of the string around o = 0 leaves the bounding box and is not plotted.

Figure 2: The (3,2} torus knot instanton at time index t=-0.60.
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Figure 3 shows a sequence of frames of the (4,3) torus knot instanton. Initially,
we see two string segments; at time f = — 1.0, however, a pair of points appear. As
time continues to evolve these points develop a string segment connecting the two.
This finite segment interacts with the pair of strings intitially seen, then the two
original segments combine and disappear. This behavior is reminiscent of the early
meson string model, in which a meson was seen as a gq pair connected by a string of
gluon flux. In this interpretation. it appears as though a g pair is created out of the
vacuum, interacts strongly with a pair of gluon flux lines which would support Dirac

monopoles, then is anhilliated back to the vacuum.
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p=d o=1 Time Indax:-I. p=4 g=3 Time Index:=-1.% p=d g=3 Time Indem:-I1.
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Figure 3: Evolution of the (4,3) torus knot instanton.



















































